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A NEW BOUND FOR THE STEINER RATIO

BY

D. Z. DU AND F. K. HWANG

Abstract. Let V denote a given set of n points in the euclidean plane. A Steiner

minimal tree for V is the shortest network (clearly, it has to be a tree) interconnecting

V. Junctions of the network which are not in V are called Steiner points (those in V

will be called regular points). A shortest tree interconnecting V without using any

Steiner points is called a minimal tree. Let a(V) and p.(K) denote the lengths of a

Steiner minimal tree and a minimal tree, respectively. Define p to be the greatest

lower bound for the ratio o( V)/p.(V) over all V. We prove p > .8.

1. Introduction. Let V denote a given set of « points in the euclidean plane. A

Steiner minimal tree for V is the shortest network (clearly, it has to be a tree)

interconnecting V. Junctions of the network which are not in V are called Steiner

points (those in V will be called regular points). A shortest tree interconnecting V

without using any Steiner points is called a minimal tree. Let o(V) and ¡i(V) denote

the lengths of a Steiner minimal tree and a minimal tree, respectively. Define p to be

the greatest lower bound for the ratio a(V)/p(V) over all V. Gilbert and Pollak [2]

conjectured that p = v/3~/2 s .866 and proved its truth for « = 3. Pollak [5] proved

the conjecture for the case « = 4. For general «, Morse (see [3]) proved that p > .5,

Graham and Hwang [3] proved that p > 1/ J3 , Chung and Hwang [1] proved that

p > [2v/3 + 2 — (7 + 2/3")]l/2 s .743. In this paper we give an elementary proof

that p > .8.

2. Some preliminary results. Let d(u, v) denote the euclidean distance between

two points m and v, and for a set X of line segments let Lx denote the sum of their

lengths.

We first observe that in proving a lower bound for p we can restrict our attention

to Steiner minimal trees in which all regular points have degree one. For, if we know

that p » a for all such trees, then p> a will follow in general, because any Steiner

tree with regular points of degree greater than one can be broken at such points to

form a collection of smaller trees in which all regular points have degree exactly one.

We now prove two technical lemmas that will be applied repeatedly in proving the

main theorem. The following simple lemma from [1] will be useful in proving the

first of these:

Lemma 1 [1]. 7« a Steiner minimal tree S, let A be a regular point of degree 1

adjacent to a Steiner point s. Let Y be any point on a line of S other than the line

[A, s]. Then it must be the case that d(A, Y) > d(A, s).
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Consider a subtree of the Steiner minimal tree S consisting of lines [A, s], [s, r]

and [r, P] (see Figure 1), where A is a regular point, s and r are Steiner points, P is

either a Steiner point or a regular point, d(A, s) > d(r, P), [A, X] is perpendicular

to [P, X], and <$ Asr = <£ srP - <£ rPX = 120° (the three lines at a Steiner point in

a Steiner minimal tree always form 120° angles [2]). Note that this implies that [A, s]

is parallel to [P, X]. Let the region As'r'P'X be the mirror reflection of the region

AsrPX with respect to [A, X].

s' A s

■t*ñ>
P1     YVX P

Figure 1. A trapping region

Lemma 2. There must exist a regular point other than A, and connected to A through

s, in the region AsrPXP'r's'.

Proof. Consider the half-circle 77 with center A and radius [A, s]. By Lemma 1,

no line of S can intersect the interior of 77. If P is a regular point, we are through;

otherwise S has a line [P, Y] in the direction [P, P']. Note that <$ Asr — <) srP and

d(A, s) > d(r, P) together imply that -$ rPA ><$ PAs. Furthermore, since ^ rPA

+ <$PAs= 120°, it follows that <$ APP' =<$PAs< 60°. If d(P, Y) > d(P, P'),

then -$ YAP><} P'AP = 180° - 2<$APP'>(,0° ><}APY. Hence d(P, Y) >

d(A, Y), and we can shorten the tree by replacing [P, Y] by [A, Y], contradicting

the minimality of 5. Thus we must have d(P, Y) < d(P, P').

Let Kbe the point on [P, P'] such that [V, W] is tangent to 77, meeting 77 at W,

and <$PVW = 120°. Then 4 AWV = 90°. Furthermore 4 WAP > 90° since

4 APV < 60°. It follows d(P, V) > d(A, W).

If d(P, Y) < d(P, V), then we are done, since the fact that every Steiner point

must have exactly three incident lines, at angles of 120°, implies that Y must start a

path trapped in the region AsrPXP'r's' minus 77 (because the path can never enter

77) and that path must eventually end at a regular point within the required region.

If d(P, Y) ^ d(P, V), with Y lying between V and P', then the upward line from

Y parallel to [s, r] must cross over [s', r'], or it would again start a path trapped in

the specified region. Let [A, Z] be perpendicular to this upward line, meeting it at Z.

Then Wis on [A, Z] and

d(P, Y) = d(P, V) + d(V, Y) > d(A, W) + d(W, Z) = d(A, Z).

Hence we can shorten the tree by replacing [P, Y] by [A, Z], contradicting the

minimality of S, and completing the proof.    □

Corollary. Let q be an arbitrary point in the region AsrPXP'r's'. Suppose that

d(s, r) + d(r, P) =£ d(A, s). Then

d(A, q) < d(A, r) = [d(A, sf + d(A, s)d(s, r) + d(s, rf\/2.
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Suppose that d(s, r) + d(r, P) > d(A, s). Then

d(A, q) < d(A, P) = {[d(A, s) - d(r, P)]2 + [d(A, s) - d(r, P)]

.[d(s,r) + d(r,P)]+[d(s,r)+d(r,P)]2}i/2-

Our second technical lemma takes a form that is particularly useful in induction

proofs. Let S be a Steiner minimal tree for the set of regular points V. Regarding S

simply as a collection of points in the plane, let S he partitioned into two sets S' and

S — S'. Let t be a graph such that / U {S — S'] is a tree interconnecting V. Suppose

the lines of t can be partitioned into i* (with vertex set V* E V) and / — i* at a

regular point so that t* is nonempty and (t — t*) l)(S — S') is a tree interconnect-

ing V - {V n S']. Define p' = (Ls, - L,_,.)/L,..

Lemma 3. Suppose for some a that a(V)/p.(V) > a has been proved for all V with

| V | < «. Let S be a Steiner minimal tree for a set V with | V | = «. Then, if there exist

choices for S', t, and t* as above such that p' > a, we must have a(V)/\i(V) > a.

Proof.

o(V) = Ls. + Ls_s, > aL,, + L,_,. + Ls_s.

>aLr + o(V- {VD S'})

>aLt. + a-n(V- {VHS'}) >a-p(V)

where the first inequality follows by assumption, the second is due to the fact that

(t - t*) U (S - S') is a tree interconnecting V - {V D S'}, the third follows from

the " inductive" assumption of the lemma, and the last follows because the union of

t* and a minimal tree for V — {V O S'] must be a tree interconnecting V and

having no Steiner point. D

We quote a result from [2].

Lemma 4. Suppose that sx and s2 are two Steiner points which are connected by a line

in the Steiner minimal tree. sx and s2 each have two other lines. Let the shortest of these

four lines have length I. Then d(sx, s2)> (vT — 1)/.

Finally, we give a result which helps recognize a monotone increasing function.

The proof makes use of the fact (b2 + bx + x2)x/2 > x + b/2 which is also fre-

quently used elsewhere.

Lemma 5. Let

f(x) =-^-
a + (b2 + bx + x2)l/2

where a, b and c are constants and b > 0. Then fix) is monotone increasing in x if

2a + b - 2c > 0.
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Proof. Let N(df/dx) be the numerator of df/dx. Since we are only interested in

the sign of df/dx, it suffices to check the sign of N(df/dx):

Nlf)=a + (b2 + bx + x2)W2-(c + x)-b-±^-
dxl 2(b2 + bx + x2)]/2

2a(b2 + bx + x2)x/1 + 2(b2 + bx + x2) - (c + x)(b + 2x)

2(b2 + bx + x2)x/1

2a(x + b/2) + 2¿>2 + bx - be - 2cx
>

2(Z)2 + fe + x2)'/2

¿>(a + 2fe - c) +(2a + b- 2c)x
>0.

2(è2 + èx + x2)'/2

3. The main result.

Theorem, p > .8.

Proof. Previous results [5] have shown that a(V)/p.(V)> >/3 /2 > .8 for all sets

Kwith | K|*£ 4. Thus, suppose that a(V)/p(V) > .8 for all sets F with | V\< n, and

consider any set V with | V \ = « > 5 and Steiner minimal tree S. Let j be a Steiner

point in S adjacent to two regular points A and 77 and a Steiner point r that is

adjacent to two other points P and Q (see Figure 2). Such a configuration must exist

in 5, since we can assume that « > 4 and that all regular points in 5 have degree 1.

Figure 2. A subtree of S

Without loss of generahty, assume d(B, s) = w ** d(A, s) = 1. We also label

d(s, r) by 8, d(r, P) by x and d(r, Q) by y to simplify writing. We partition the

proof into two parts, each having several subcases.

Part 1. x < 1. Let [P, X] be parallel to [A, s] and perpendicular to [A, X]. Let R

denote the region of AsrPX together with its minor image with respect to [A, X]. By

Lemma 2 there exists a regular point C in R.

Case (i). 8 > 1. Set 5' = [A, s] U [77, s] U [s, r], t - t* = 0 and t* = [A, B] U

[A, C]. By the Corollary of Lemma 2,

d[A,C]< 1 +8.

Hence

P'>-7-TTi-= ii(w,*)
(1 +w + w2)'/  + 1 +0
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which is monotone increasing in w by Lemma 5 and is also easily verified to be

monotone increasing in 8. Therefore

p'^gx(l,l) = j^-2>*.

Case (ii). 8 < 1 and x < 1 — 8. By the Corollary of Lemma 2,

d(A,C)<d(A,r) = (l + 0 + 02)'/2.

If (1 +8 + 82)x/2< 1.25, set S" = [A, s], t - r* = 0 and i* = [i4,C].Then

If (1 + 0 + 02)l/2 > 1.25, set 5" = [A, s] U [77, j] U [s, r], t - t* = 0 and <* =

[/I, 77] U [/i,C]. Then

_1 +w + 8_ .

(1 + w + w2)]/2 + (1 + 6 + 82)V2

which is monotone increasing in 8 by Lemma 5 and is also easily seen to be

monotone increasing in w. Let 8* = (13l/2 — 2)/4 (> .4) be the unique positive

solution of the equation (1 + 8 + 02)1/2 = 1.25. Then

p'a^,'9*)=3v¡+(12++er+(s.n>-8'

Case (iii). 8<l, l-8<x<l and l-8<y.Let S' = [A,s]U [77, s] U [s, r]

U [r, P] U [r, Q], t - t* = [P, Q] and t* = [A, 77] U [A, C]. Then

,^l+w + 0 + x+y-(x2 + ;cy + ^2)'/2

(1+w+r>2)'/2+ 1+0

which is easily verified to be monotone increasing in x and in y. Hence, setting

x — 1 — 0 and y = 1 — 0, we obtain

x+y-(x2 + xy+ y2)V2 > (2 - 3'/2)(l - 0).

It follows

_3-3|/2 + w + (31/2-l)0        ,     „,
P >-—7^-= g^(w,8)

(1 + w + w2)1/2+ 1 +0

which is monotone increasing in w by Lemma 5. Hence

,1  ^     4 - 3,/2 + (3'/2 - 1)0

P^(1'*)= 3-/3+1 + 0

which is easily verified to be monotone decreasing in 0. Therefore,

o'>^)=J7h-2>*-
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Case (iv). 0 < 1, 1 — 0 «s x «s 1 and y < 1 — 0. Let 7?' be the region similarly

defined as 7? except it lies on the right side of [s, r]. Since y < w, there exists a

regular point C in 7T. Let S' = [A, s] + [77, s] + [j, r], t - t* = 0 and i* =

[/I, C] U [77, C']. By the Corollary of Lemma 2,

d[A,C] <l+e,    d[B,C] « (w2 + w0 + 02)l/2.

Hence

1 + w + 0

1 +0+ (w2 + w0 + 02)1/2

which is monotone increasing in w by Lemma 5. Therefore,

2 + 0

&.(*".*)

P>g4(l,0) =
2\l/21 + 0+ (1 +0 + 02)

which is easily verified to be monotone decresing in 0. It follows

3
P> SAU) 2 + 3X/1

Part 2. x » 1. Let P* denote the point on [r, P] such that d[r, P*] = 1. Let T

denote the Steiner minimal tree on the three points A, P* and Q. Let A If/IP* be an

equilateral triangle such that W and r lie on opposite sides of [A, P*]. Then the

length of T equals ¿(W, Q) by Melzak's construction (see Figure 3).

Figure 3. Melzak's construction for T

Lemma 6. The length of T is [(0 + y)2 + 3(0 + y) + 3]x/2.

Proof. Let a denote the angle <$ rP*Q. Then

sin a
y sin 120° _ 3'/2^

d(P*,Q)~ 2(l+y+y2)X/2
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1/2

1/2

1/2

It follows

y + 2
cos a =-—.

2(l+y+y2)l/2

d[W, Q] = [d(W, P*)2 + d(P*, Q)2 - 2cos(120° + a)d(W, P*)d(P*, Q)\/2

= [(l +0)2+ 1 + >>+/ +2 cos(60° - a)(l +0)(1 +>'+>'2)1/2]

= [(1 +0)2+ 1 +y+y2

+ 2(cos60°cosa + sin60°sina)(l + 0)(l +^+>>2)1/2]

= [(1 +0)2+ 1 +y+y2

+ (2y+l)(l+y+y2y/2(l+8)(l+y+y2)]/2]

= [(8+y)2 + 3(8+y) + 3]V2.

For all subcases of Part 2, S' is set to be [A, s]U[B,s]U [s, r] U [r, P*] U [r, Q].

Case (i).y > 1. By Lemma 4,8 > 3X/1 — 1. Let Q* denote the point on [r, Q] such

that d[r, Q*] = 1. Let T* denote the Steiner minimal tree on the three points A, P*

and Q*. By Lemma 6, the length of T* is

[(0 + l)2 + 3(0 + 1) + 3]'/2 = (02 + 50 + 7)1/2.

Set t - t* = T* and t* = [A, 77]. Then

,     3+w+8- (02 + 50 + 7)'/2     ,,     ..
P =-—y2-=/.(w,0)

(1 +w + w2)]/2

which is monotone increasing in w by Lemma 6 and is also easily verified to be

monotone increasing in 0. Therefore

3 + 31/2 _ /6  ,  3 .31/2^1/2

p'>/1(l,3'/2-l) = ^3-(* + 3  3     )      >  8

We assume y < 1 in all other cases. Furthermore, there exists a regular point C in

the region R'. We also define u = 0 + y. By Lemma 4, u s* 3x/2y.

Case (ii). u < .95 or .95 < u < 1 and w > 1.11. Set / - t* = T and t* = [77, C'].

Then

d(B, C) <[w2 + (u-y)w + (u -y)2\/2

and

2 + w + u- (u2 + 3u + 3)x/2

[w2 + (u — y)w + (u — y) ]

2 + w + M- (m2 + 3m + 3)1/2      ,.
-= h(u,w);

(u2 + wu + w2y/2
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yv(^g)  = (w2 + WU + U2)l/2

-[2 + w + u- (u2 + 3u + 3)1/2]

2u + 3

2(u2 + 3u + 3)i/2

2u + w

2(u2 + wu + w2)]/2

Multiplying through by 2(u2 + 3u + 3)l/2(u2 + wu + w2)x/2, then the right side

becomes

[2(U2 + wu + w2) - (2 + w + «)(2« + w)](«2 + 3u + 3)'/2

+ (a2 + 3« + 3)(2n + w) - (u2 + wu + w2)(2w + 3)

= -[(4 + w)m + w(2 - w)](u2 + 3u + 3)'/2

+ (3 - w)u2 + 2(3 - w2)u + 3w(l - w)

< -[(4 + w)u + 2w](u+ 1.5) + 7l/2iv2

+ (3 - w)M2 + 2(3 - w2)u + 3w(l - w)

= -[(1 + 2w)M2 +(3.5 + 2w)wu + 3 - 7'/2w2] < 0.

Therefore, it suffices to prove

/2(.95,w) > .8    forH< .95 and w> 1

and

/2(l,w)>.8    for.95«w< 1 andw> 1.11.

It is easily verified by Lemma 5 that f2(.95,w) and f2(l,w) are both monotone

increasing in w. It follows, for u < .95 and w > I,

p'>/a(.95,l) =

For .95 ^ a =^ 1 andw > 1.11

3.95-6.7525l/2     3.95-2.598
>->

2.85251/2 1.69

p'>/2(l,l.ll) =
4.11 - 7I/2     4.11 - 2.65

> >
2 '       3.3421l/2 1-829

Co«? (hi). u> 1 andw> 1.11. Set; - t* = T and t* = [A, 77]. Then

,     2 + w + u~ (u2 + 3u + 3)'/2      ..       ,
P  =-7T72-=/3(".h')

(1 +w + w2)l/2

which is monotone increasing in w by Lemma 5 and is also easily verified to be

monotone increasing in u. Therefore

p'>/3(l,l.ll)=/2(l,l.ll)>.8.

Case (iv). .95 ̂ uandw< 1.11. Set t- t* = [P*,Q]andt* = [A, B] U [B, C'].

Subcase (a), u «s w. Then

d[B,C] ^[w2 + (u - y)w + (u - y)2]l/2
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and

V >
2 + w + u -(1 + y + y2)2\V2

(1 + w + w2)x/2 +[w2 + (u-y)w+ (u - yf]
1/2

1/2

74(".w, .y);

■[2 +w + «-(i + v-+.y2)1/2]

1 +2w
+

2w + u — y

11/2
2(1 +w + w2)vl      l[w2 + (u - y)w + (u - y)2\

<(1 +w + w2)'/2 +[w2 + (u - y)w + (u-y)2\/2 - (1+w + u-y)

1 + 2w 2w + u — y

2(1 + w + w2)/2     2[w2 + (u-y)w+(u-y)2] 1/2

<0

since

2(1 + iv + w2) - (1 + >v + u-y)(l + 2w)

2(1 + w + w2)2\l/2
<0

and

2[>v2 + (u - y)w + (m - y)2] -(1 + iv + u - y)(2w + u - y)

2[w2+(u-y)w+(u-y)2]l/2

_ -2w —(1 + w)(u — y) +(u — y)

2[w2 +(u - y)w +(u - y)2]i/2

Furthermore,

7V(M j   = (1  + w + w2)l/2 +[w2 + (m _y)w + (M - ^f]'72

r / T\i/2i w + 2(« — >>)
-[2 + w + u- (1 +J+J2)    J

<0.

2[>v2 + (M->>)w + (u-.y)2]

> (1 + w + w2)1/2 + [h>2 +(« -y)w + (« - j)2]'72

-[2 + w + u- (1 +J+J'2)1/2]

> 1 + w/2 + w + (m - j)/2 - (2 + w + u) + 1 + y/2

= (w- «)/2»0.

1/2
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Since u > max{.95, 31/2_y}, it suffices to show

/4(.95,1.11, y)> .8    for 31/2y *s .95

and

U(3x/2y, 1.11, y) > .8    for .95 « 3x/2y ̂  w.

We first show that for.y < .95/3l/2 < .55,

4-05 - (1 +y+y2)W2
fi(.95,l.ll,y) =

3.3421l/2 + (y2 - 3.0ly + 3.1891)1/2

Note that the numerator and the denominator are both monotone decreasing in y

for 0 < y < 1. If for y *£ y < y we set y = y in the numerator and set y = y in the

denominator and the ratio is still greater than .8, then /4(.95,1.11, y) > .8 for

y «S y s£ y. For 0 < y < .2,

4.05 - 1.24'/2       4.05 - 1.12
fi(.95,l.ll, y) >-r^>,„ ,  |10>M 1.83 + 3.1891l/2      1.83 + 1.79

For .2 < y < .4,

4.05 - 1.56l/2       4.05-1.25
f,(.95,l.ll,y)>-¡77 > , oo   ,   , ¿i >  ÍMy 1.83+ 2.6271l/2      1.83 + 1.63

For .4 =£ y- < .55,

,     4.05 - 1.8525l/2     4.05-1.33

/,(.95,1.11, y) >-¡77 > , Oo ,  , An > *MK 1.83 + 2.1451l/2      1.83 + 1.47

Next we show that for .54 < .95/3x/2<y< l.ll/3l/2< .641,

3.11 + 31/2y-(l + y+y2)V2
f4(3x/2y,l.ll,y)

3.3421l/2+[(4-2-31/2).y2 + 1.11(3I/2- l)y + 1.232l]

> .8.

1/2

Now the numerator and the denominator are both monotone increasing in y.

Substituting y by .54 in the numerator and by .641 in the denominator, we have

Wo.i/2    , ,,     a     3.11 + .93528- 1.83161/2     3.11 + .93 - 1.35
/4(31/2>M.H^)>-L83+L98,/2->      L83-H.4!       >'8-

Subcase (b). u > w. Then

d(B, C) <[u2 + (w-y)u + (w -yf\/2
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and

2 + w + u - (1 + y + y2)
2\l/2

(1 + w + w2)V2 +[u2 + (w - y)u + (w - yf]]

N(^) = (1 + W + W2)W1 +["2 + {W ~y)u + {W ~y)2}

f5(u,w, y);

1/2

-[2 + w + u-(l + v+y2)'/2]

1 + 2w
+

u + 2(w — y)

11/22(1 +w + w2)l/2      2[u2 + (w-y)u+(w-y)2]1

<(1 + w + w2)l/2 +[u2 + (w - y)u + (w - y)2]V2 - (1 + w + u - y)

1 +2»v
+

m + 2(w — y)

2(1 +w + w2)1/2      2[w2+ (w->>)"+(w-j>)2]
1/2

<0

since

2(1 + w + w2) - (1 + w + m ->>)(! + 2w)

2(1 +w + w2)1/2

(m-^)(1 + 2tv)   ^     u-y <     u- 1

2(l+w + w2)'/2 2 2

and

2[w2 + (w->>)w + (w - y)2] -(1 + w + u- y)(u + 2w - 2v)

2[M2+(w-j)M+ (w-^)2]'/2

u   — u u- 1

2[m2 + (w- y)u + (w- yf\
211/2 2

Furthermore,

9/5
7v(-£) = (1 + w + w2)l/2+[u2 + (w-j,)« + (w - v)2] 1/2

[2 + w + u- (1 +7+j'2)1/2]2 \ 1/2]_2u + JV-.V

2[M2 + (w-^)M + (w->;)2]1/2

>(l+w + w2)V2+[u2 + (w ->>)" +(w -y)2\/2

-[2 + w + M-(l +y+y2)i/2]

> 1 + w/2 + u + (w -y)/2 ~(2 + w + u) + l+y/2 = 0.
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Since u > max(w, 3x/2y], it suffices to show

/5(l.ll,l.ll,j)> .8   for3x/2y< 1.11

and

fi(3x/2y, 1.11, y) > 8.    for 1.11 « 3x/2y < 3I/2.

But f5 = /4 for u — w, hence

/5(l.ll,l.ll,j)=/4(l.ll,l.ll,y)>.8.

Therefore we need only prove, for .64 < 1.11/3I/2 < y < 1,

it*"* ...!.,) =-r311+3^-"+^^l/'-

3.34211/2+[(4-3'/2)y2- 1.11(2  S1/2)^ + 1.232l]

> .8.

Again, the numerator and the denominator are both monotone increasing in y.

Hence for y =£ y < y, we will substitute y for y in the numerator, and y for y in the

denominator. For .75 <y < 1,

w„,/2    , ,,     ,     3.11 + 1.299-2.21251/2     3.11 + 1.299-1.49
k(ï<*,.ui.,)>     183 + 32027l/2     >     ,.83 + L79     >■»■

For .64 ̂ y < .75,

Woi/2    , ,,     \     3.11 + 1.1084-2.04961/2     3.11 + 1.10-1.44       0
M*»>.ul,)>      ,83 + 22848l/,      >     L83 + |.52     >■«■

Thus we have shown in all cases that o(V)/p.(V) > .8 and the Theorem follows

by induction.

Acknowledgement. The authors wish to thank F. R. K. Chung, M. R. Garey,
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Note added in proof. Recently Chung and Graham announced that p > .8241 by

using computer-assisted computations.
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